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The self-consistent problem of the wave and particle spectrum is formulated and solved for 
acceleration of particles in a homogeneous magnetic field that varies periodically with time. It 
follows from the obtained solutions that when account is taken of the synchrotron radiation, the 
diffusion coefficient Do of ultrarelativistic electrons does not differ from the Fermi value. An 
expression is obtained for the minimum concentration of the accelerated particles, at which the 
cyclotron instability ensures the scattering necessary for effective acceleration.  
 
1. Introduction 
 
        If a slow periodic time variation of a uniform magnetic field B in a turbulent plasma is 
accompanied by conservation of the adiabatic invariants zp const , 
2 /p B const   ( p  and 
zp  are the particle-momentum components perpendicular and parallel to the field), then the total 
momentum p of the charged particles can increase exponentially relative to the time t as a result 
of betatron acceleration and non-adiabatic scattering by the hydromagnetic turbulence (the 
Alfven magnetic pumping) [l-4]. In a denser plasma, the role of the scattering can be assumed by 
particle collisions [4].  In [4] the case of harmonic variation of the field 
 
0 (1 cos ), 1B B Wt                                                              (1) 
has considered   
 
        In [5] was shown that the kinetic equation for the distribution function ( , )f p t  averaged 
over the fast turbulent pulsations can be reduced in the quasilinear approximation, in the 
presence of a force 1/ 2( / ) /F p B dB dt , to the diffusion equation in momentum space, with a 
diffusion coefficient D( p) that depends on the parameters of the alternating magnetic field and 
on the turbulence spectrum 
2( ) /k dh dk   ( 2h  is the turbulence intensity and k is the wave 
number. As is well known [6,7], in the diffusion approximation the turbulence spectrum 
determines the rate of growth (or damping) of the plasma oscillations, which in turn depends on 
( , )f p t , so that the problem of finding the spectrum of the waves and of the particles should be 
formulated in a self-consistent manner.  
        In the present paper we obtain, by successive approximations, a solution of the self-
consistent problem without using numerical methods, for nonrelativistic and ultrarelativistic 
stationary and nonstationary accelerations, and also for ultrarelativistic stationary acceleration of 
electrons with allowance for the synchrotron radiation. It is shown that at the plasma instability 
boundary the turbulence spectrum has a universal form 20( ) /k k   . We compare the 
obtained diffusion coefficient with the Fermi coefficient, and also with the diffusion coefficient 
for turbulent acceleration, as calculated in [8,9]. We show that the Alfven acceleration leads in 
the presence of synchrotron radiation to the same particle spectrum, which is formed according 
to [8] under Fermi acceleration. In Sec. 3 we investigate the limit of applicability of the 
statistical Alfven acceleration with allowance for the synchrotron radiation. 
        All the results are obtained for a collisionless plasma under the following assumptions: 1) 
the variation of the magnetic field is given by Eq. (1); 2) the plasma is assumed to be cold and 
the fraction of accelerated particles small; 3) the velocities of the fast particles exceed the Alfven 
velocity cA; 4) the main scale of turbulence L is much larger than the Larmor radii of the fast 
particles (in this case L does not exceed ~ AL Tc , where 2 /T W ; 5) the angular distribution 
of the wave vectors of the pulsations is isotropic or has a maximum at small angles to the field, 
so that the main contribution to the scattering is made by waves traveling along B. 
 
 
 
 
2.  Solution of Self-Consistent Problem 
 
        We shall solve Eqs. (14), (15), and (19) of [5] by successive approximations, assuming as 
the zeroth approximation a wave spectrum in the form 20( ) /k k   , at which the 
undetermined angle interval in (15) of [5] is given by 
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We obtain the integration constant 0C  from Eq. (6) of [5], which is transformed with the aid of 
(10), (11) of [5], and (2) into 
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from which it follows that 0 1/ 2C  . Substituting (20) (with 0 1/ 2C  ) in (15) of [5] and 
integrating with respect to the angle, we obtain 
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so that Eq. (14) of [5] takes the form 
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To find the next approximation for ( )k , we must substitute the solution of (4) in (19) of [5]. In 
the nonrelativistic case ( 1  ) the solution of (4) is  
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and in the ultrarelativistic case ( p  ), the nonstationary solution of (4), as shown in [12], is 
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In the particular case of stationary acceleration ( / 0f t   ), Eq. (4) with  1   is satisfied with 
the function 
2~f p , and at p   by the function 3~f p . It is easily shown that in each of 
these four particular cases we have 
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so that expression (19) of [5] takes the universal form 
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and coincides with the initial approximation 20( ) /k k   , for Alfven waves whose dispersion 
equation is cAk  . Thus, the indicated solutions of (4) together with (3) and (5) (Alfven 
waves) are exact solutions of the self-consistent problem for the cases considered above. 
        According to (5), (3) of [5] and (1), the final expressions for the Alfven-wave spectrum and 
the diffusion coefficient 0D , recognizing that / 2 1/ 2 sinB B W Wt   and putting 
1/2
2sin sin 1/ 2Wt Wt  , take the form 
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It follows from (6) that the energy of the turbulent pulsations 
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is much smaller than the magnetic energy 20 / 8B  , since 1  , and the resonant frequencies are 
W  . Thus, the condition 2 20h B  for quasilinearity [7] of the initial kinetic equation (2) of 
[5] at the plasma stability limit is well satisfied. 
        In [8], the following expression is obtained for the Fermi diffusion coefficient FD  in 
momentum space, as applied to the case of the most effective Fermi acceleration (reflection from 
long strong waves, when ( ) ~
vk k  , v>2): 
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where L is the main scale, and 0m mh B B   is the maximum amplitude of the turbulence. If the 
fundamental frequency of the Fermi reflections ( ) 2 /AL c L   coincides with the frequency of 
the field (1), then at 
0 / 4 2mh B  the expressions for the diffusion coefficients (6) and (8) do 
not differ from each other. However, a difference remains in the turbulence spectrum ( )k  
needed for effective acceleration. In the case of two-dimensional adiabatic variation of the 
Larmor orbits, a larger turbulence energy is needed for the isotropization of the particle 
velocities than in the case of the one-dimensional adiabatic Fermi mechanism. Indeed, in the 
Alfven acceleration (  v= 2) the average amplitude h of pulsations of scale   , i.e., the quantity 
  
1/2
1~ ( ) ~ ,vh k dk    
 
decreases with decreasing   more slowly than in the case of Fermi acceleration, when v > 2. 
This leads in the case v = 2 to an increase in the role of medium and small scales, i.e., to a 
stronger scattering, for it is precisely these scales that are responsible for the cyclotron-resonance 
interaction. 
        Finally, we present a comparison with the turbulence acceleration investigated in [9]. 
According to [9], the diffusion coefficient TD  in momentum space in the presence of the 
spectrum 
2( ) ~ kk   is given by 
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so that if 
 
0( ) 2 / , / 4 2,A mL c L h B     
 
then, according to (7) - (9), 
 
0 / / ~ 1/ .T F TD D D D   
 
        Thus, at the same form of the spectrum ( v = 2), the Alfven diffusion coefficient 0D  is 
larger by a factor 1/   than TD . 
 
 
3. Acceleration of Electrons with Allowance for Synchrotron Radiation: Conditions 
for the Feasibility of Acceleration 
 
        Let us consider an ultrarelativistic stationary problem, in which account is taken of the 
synchrotron radiation in addition to the Alfven acceleration. When the losses for radiation are 
taken into account, the diffusion equation (14) of [5] takes the form (see [8]) 
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p  is the rate of momentum loss into synchrotron radiation, averaged over the angle between the 
field B and p. Equations (10), (15), and (19) of [5] constitute a selfconsistent system of equations 
for f and ( )k , and it is necessary to put p   in (15) of [5], since ultrarelativistic acceleration 
is being considered. 
        Choosing as the zeroth approximation 20( ) /k k    and calculating in accordance with 
formula (15) of [5] the function D(p) corresponding to this approximation, we find in analogy 
with the analysis of the preceding section that 20( )D p D p , where 0D  is determined from (3). 
When 20( )D p D p , the solution of (10), leading to a limited plasma density, is 
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It is easy to show that for f  in the form (12), the second term in the curly bracket of (19) of [5] 
vanishes, so that in the case of Alfven waves ( Akc  ) the first approximation for ( )k  
coincides with the initial zeroth approximation and assumes the universal form (6). Thus, 
expression (12)  is the exact solution of the problem, and, in accordance with (7), 
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        It is possible to present another expression for 0D . The intensity of the synchrotron 
radiation 
4~dJ fp dp , according to (12), has a maximum at 4 / p  , so that the quantity 
0 /D   . can be expressed in terms of the effective radiation frequency 
2~eff B p  just as 
in the case of the Fermi acceleration (formula (56) of [8]), namely: 
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        According to expressions (12) and (13) and theresults of [8l, the spectra of the particles in 
the ultrarelativistic case, with account taken of the Lorentzfriction force, coincides fully for the 
Alfven and Fermi accelerations. 
        The constant A in (12) can be expressed in terms of the concentration n of the particles with 
momentum > p, namely 
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Using (12) and (14), and carrying out the corresponding integration, we obtain the following 
expressions for the energy density ew  of electrons with momentum > p and for the intensity J of 
their synchrotron radiation: 
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It follows from (15) and (17) that 
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where account is taken of the fact that zQ(z)/M(z) ~ 4 for all 4z p  . 
        We note that expressions (15) - (18) are equally valid for the Alfven mechanism and for the 
Fermi acceleration. 
        To estimate the minimum concentration nmin of fast particles, at which Alfven acceleration 
is possible, it is necessary, as noted in Sec. 3, to calculate the increment 0 ( )   of the resonant 
oscillations in the absence of scattering. The expression for 0 ( )   can be obtained by using (16) 
and (17) of [5] and taking into account the fact that in the absence of scattering the angle part 
1 2f f f    of the distribution function (4) of [5] is determined only by the adiabatic variation of 
the momentum in the alternating field (1). The breakdown of the function f  into 1f  and 2f  
then becomes meaningless, so that the linearized kinetic equation for f , after averaging over 
the slow period T, can be readily shown to take the form 
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Putting / 2 1/ 2 sinB B W Wt   and substituting the solution of this equation in (17) of [5], we 
find that 
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        Since the anisotropy (19) should be positive when cos 0Wt  , i.e., when 0B B , and for 
fast particles we have / 0f p    on the tail of the distribution, it follows that the integration 
constant is C = 0. We use for f  expression (12), which takes into account the synchrotron 
radiation. Substituting (12) and (19) in (16) of [5], taking (14) into account, and using the 
dispersion equation of the Alfven waves Akc  , we obtain after integration the following 
expression for the increment 
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where Ei (-x) is the integral exponential function and where 
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From the resonance condition 
 
cos /B Ap c c    
 
we obtain, after the averaging over  , 
 
 
2 2/ 3 ( / ) ,B Ap c c   
 
so that (40   22) can be written in the form / 3x p . 
 
        It can be shown that the increment (20) has a maximum at x = 2.3, i.e., at 3 4p x   . 
These results are similar to [11-76]. Within the resonant-frequency band, the momentum changes 
from 0p  to maxp . By stipulating that 0  be much larger than the frequency W of the alternating 
field in this band, i.e., by stipulating minn n , we can find the value of minn  from the equation 
0 min max( , )n p W  .  
        We can formulate one more obvious condition for the feasibility of Alfven acceleration, 
namely: 
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where t is the time during which the electron rotating in the field 0B  loses an energy equal to its 
total energy to radiation [10]; p is the dimensionless momentum and   is defined by (11). 
Indeed, in the opposite case the particle loses its entire energy to radiation before isotropization 
of the momenta takes place, so that the Alfven cycle does not lead to acceleration. 
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